One-dimensional and two-dimensional conductivity calculations are done for a set of several closely spaced quantum silicon rings, following the development of bottom-up approaches for producing silicon rings. The transmission is easily influenced by electric and magnetic gatings and has band features even for two or three rings, showing its potential usefulness for logical devices. Analysis on different gatings shows that the electric-field gating would be as effective as the Aharonov-Bohm magnetic gating.
I. INTRODUCTION
Recently, Rose and Baugh introduced a new approach to the synthesis of nanostructure devices. 1, 2 In their approach, a set of silicon rings is established by self-assembly methods.
It is possible to synthesize either a single ring or several rings connected together, or even a host of different rings and structural arrays, e.g., linear, triangular, square arrays, etc. The rings can be precisely tuned to different sizes ranging in diameter from microns down to tens of nanometers and, in the future, hopefully smaller diameters. Furthermore, the rings can be connected directly by silicon bridges or left apart so that the electrons tunnel from one ring to another, with the tunneling amplitude dependent on the ͑tunable͒ ring-ring separation.
In this paper we pose the question on what would be the simplest quantum conductance properties of an assembly of such rings. These are expected to be very interesting since the ring diameters can be made smaller than the coherence length of electrons in silicon ͑which is less than 1 m at 2 K͒. Therefore, ring-based devices can show completely coherent transport, especially at low temperatures.
Even a single ring is interesting quantum mechanically. [3] [4] [5] [6] It serves as a cavity, much like a MachZender modulator. On the molecular level, rings were suggested as possible logic devices; in particular, this applies to molecules which are ringlike, such as para-connected naphthalene. [7] [8] [9] Magnetic-field effects on a single ring can also be used to influence conductivity. 10 When we move up in size from molecular to nanometersize rings, 11 such as those examined here, the experimental capabilities in terms of manufacturing and especially connecting these rings become much more advanced, making it realistic to imagine the use of rings for next-generation devices. Silicon rings, 12 in particular, could be easily placed with appropriate isolation with silicon on insulator 13 ͑SOI͒, and, with the new approaches suggested by Rose and Baugh, 1,2 could be manipulated precisely.
Most fundamentally, the use of silicon rings in the solid state opens the way for placing several rings together. This leads to several questions:
• What are the conductance properties of several rings in tandem, and even more importantly, how does gating affect such devices? Specifically, what effects do electric and magnetic fields have on ring devices?
• What would be the properties of 2D and possibly 3D collections of rings?
• How would a multilead ring respond to charging?
In this work we primarily concentrate on the first question. We do a simple one-dimensional-͑1D͒ type simulation in which the silicon rings are represented by Huckel-type "strings," as well as two-dimensional ͑2D͒ simulations of small rings. The simulations, while rudimentary, are sufficient to demonstrate several interesting properties of the rings. In particular, we will show that even two and especially three rings connected together show very sharp band edges reminiscent of a band structure in a periodic multiring system. The use of several rings has several advantages in that in a practical device the voltage drops along each ring would be reduced. This would reduce the possibility of excitation of optical phonons, which would raise the temperature and reduce the electron coherence, thereby degrading performance.
We also study in detail different approaches for gating, including magnetic gating ͑Aharonov-Bohm effect͒, 10 gating by constant potential, or gating by transverse potential, and show that they all lead to the same effect explained in a simple model.
The methodology is presented in Sec. II, followed by the results and discussion.
is the kinetic coupling, m is the effective mass of the conducting electron ͑taken as 0.25m e here͒, and ⌬ is the effective site-to-site distance. The distance is approximately 10 a.u., and this value was used as the grid spacing in 2D; for the 1D results to mimic the 2D ones, we needed, however, to take ⌬ = 5 a.u. so ␤ ϳ 0.08 a.u.ϳ 2 eV.
Strictly saying, the Hamiltonian should also possess the diamagnetic part proportional to the square of the magnetic field. However, the diamagnetic field is small ͑less than 0.001 eV here͒ so that it would not affect the motion.
V͑I͒ is the voltage on each point in the devices. We examine both the cases of a gate voltage and a linearly varying voltage transverse to the main axis ͑i.e., along the y axis in the figure͒.
f͑I , J͒ is a matrix element of the angular momentum operator on the loop; it is R / ⌬ if I and J are nearest neighbors within the rings and connected counterclockwise, −R / ⌬ for clockwise connection within the rings, and 0 otherwise. B is the magnetic field, R is the loop radius ͑=3 nm for the 1D Huckel simulations͒. For a field of, say, 10 Tesla, the offdiagonal element is 0.025 eV, or ϳ1% of the size of the real part.
We apply the Huckel Hamiltonian for the shapes shown in Fig. 1͑a͒ : a single ring, two rings, and three rings. The transmission conductivity is calculated by using the flux-flux formula with an absorbing potential,
where we introduced the absorbing potential on the left and the right of the leads, which are added to the Hamiltonian:
The simulations are converged with regard to the strength and width of the absorbing potential.
B. Two-dimensional calculations
We have also done two-dimensional calculations, which are necessary because even though the motion along each wire segment of the ring is essentially one-dimensional, the curvature in any "fork" is expected to require a proper 2D simulation.
The structure of the system is shown in Figs. 1͑b͒ and 1͑c͒ ͑for a three-loop system, which includes up to 1056 grid points͒. Each ring had a diameter of 12 nm and a width of 2 nm, so that the width of the ring included at least four grid points on each side. This grid spacing is rough, but should be sufficient for describing the 2D effects.
The rings were connected by wires of varying widtheither 1 nm ͑two grid points͒ or 2 nm ͑four grid points͒. Figure 1 shows ͓in addition to the 1D results, Fig. 1͑a͔͒ the system for thick ͓Fig. 1͑b͔͒ and thin ͓Fig. 1͑c͔͒ 2D wires.
The 2D simulations are done by a similar technique to the Huckel approach. Each point is connected to other points that have the same x or same y by a DVR formula: 16 H͑x,y,xЈ,yЈ͒ = ͩV͑x,
where we introduced the constant grid spacing in x and y. The local potential is assumed to be infinite away from the loop-wire structure so that no grid points are taken in those areas; we place any gate potentials and the transverse potential on V͑x , y͒. Also, no magnetic-field effects were used in 2D. The Hamiltonian, with absorbing potentials on the left and right leads, is diagonalized and the eigenvectors and eigenvalues are then used to calculate the flux-flux formula directly from the trace.
III. SIMULATIONS
Figures 2-4 show the summed transmission coefficient, N͑E͒, as a function of the energy of the electron which is ejected into the system. ͓In an actual device, N͑E͒ would measure the conductance for a small energy difference if the Fermi energy is E͔. All energies are measured in eVs. These figures show the progression of the results when one moves from one to two to three rings. Figure 2 shows the results for FIG. 1. Maps of the systems studied. The top graph refers to the 1D case, while the lower two refer to 2D. The middle graph refers to the system with a thick bridge ͑width 2.0 nm͒, while the bottom graph refers to the system with a thin bridge ͑width 1.0 nm͒. the 1D system, Fig. 3 for the 2D system with the thick bridges, and Fig. 4 for the 2D system with the thin bridges.
The most interesting aspect of these runs is how quickly a band-structure-like behavior occurs, where the transitions from on to off are very sharp ͑for general discussion see, e.g., Ref. 17͒. The transition is very sharp in the 1D case, but is also quite strong ͑0%-100% transition͒ in the 2D case. Thus, it should be advantageous to fabricate devices connecting several rings.
Figures 5-7 shows the effects of a gating voltage perpendicular to the leads ͑i.e., in the y direction in Fig. 1͒ for the 1D and the two 2D three-loop systems. While not trivial, eventually the transverse gating voltage could be realized experimentally, e.g., by aligning the rings in a thin film or by hooking the rings to gating regions. Interestingly, even a mild gating voltage ͑0.5 eV͒ in the y direction has a very strong effect on the conductance. The reason is that the gating voltage changes the relative phase that the electron gets in the two branches, as will be explained in a simple model later.
The transverse voltages pursued here are relatively mild, up to +0.5 eV, but can be made even smaller by using larger rings; eventually, of course, dephasing effects would start playing a role.
Gating the bridges in between the rings is another possibility. In some experimental setups it would be more difficult, but it may be easily achieved through substrate gating. Furthermore, if the bridges are sufficiently extended in length it should be even easier to gate them than gating the loops as the bridges are bigger than a nanometer in length. Figures 8-10 show the effects of gating both bridges between the rings for the three-ring case. We studied the effect of gating one bridge ͑Figs. 8-10͒, as well as gating both ͑Fig. 11͒.
Interestingly, gating can have two sources. It could be due to physically raising the voltage of a gate; alternatively, it could be due to having an incomplete coupling between the loops. This could be, for example, when the loops are manufactured as isolated rings without physical connections, so that the electron has to tunnel between them.
The height and barrier of the tunneling regime has something to do with the precise manufacturing of the loops, so we simulated these effects both by using a variable barrier height ͑wire gating͒ and by considering two types of bridges-narrow and thick, as mentioned earlier.
The gating has indeed an effect which is different for positive and negative gatings. For 1D and for the 2D case with thick rings ͑Figs. 8 and 9͒, a negative gating changes the structure of the N͑E͒ vs E curves. Large effects emerge from a positive gating, which raises the barrier for transmission, and has a very large effect in removing the low-energy bands. However, for the thin-bridge systems ͑Fig. 10 and especially Fig. 11͒ , the negative gating of the bridges did have large effects, since the small width of the narrow bridges creates an effective barrier which is reduced by the voltage.
Interestingly there is a big difference between a singlebridge gating ͑Fig. 10͒ and a two-bridge gating ͑Fig. 11͒ for the narrow bridges. When two bridges are gated simultaneously and negatively, narrow resonances appear at low energies; effectively, bound states form on the bridges, which mediate the resonances. In practice, this would mean that if rings are closely placed and are gated in between the rings, then large effects on the transmission are expected.
IV. EFFECT OF MAGNETIC FIELD
There are different ways of controlling the phase difference between the coherent propagation of an electron in the rings. In this section, we discuss three ways of controlling the destructive-to-constructive interference in the conduction process: the original Aharonov-Bohm effect due to magnetic fields, the transverse electric field, and the geometrical asymmetry of coupling the ring to the leads. This study is rather qualitative so only a 1D model is used.
A. Aharonov-Bohm conductance
Numerical results for the conductance of a 1D single ring for various magnetic-field values are given in Fig. 12 .
The easiest way to understand the conductance of a single ring is to consider a model of a 1D ring weakly coupled to the left and right 1D wires. The wires are connected to the ring at points =0, in polar coordinates, respectively. Since the ring is weakly coupled to the wires, it makes sense to analyze the eigenstates of the electron on the loop alone.
It is natural to measure the magnetic field in units of B 0 , where B 0 is the magnetic field at which the first AharonovBohm blocking of the transmission arises. The AharonovBohm blocking arises when exactly 1 / 2 of the magnetic flux quantum pierces the ring:
where S = R 2 is the 2D area of the ring and ⌽ 0 = hc / e is the magnetic flux quantum. In our numerical studies of the 1D ring system we took R = 2.8 nm, so that B 0 = 75 T is extremely large. However, on a one-particle level all the quantities are scalable and the results obtained apply to bigger systems qualitatively.
The eigenstates of an electron on the ring are enumerated by the angular momentum quantum number m =0, ±1, ±2,... and the wave functions are given as The energies are given by
where M is the electron band mass and R is the radius of the ring. All the energy levels, except for the one corresponding to the state with m = 0, are doubly degenerate without the magnetic field. The states may be divided into two groups ͑see Fig. 13͒ : those coupled to the wires
and those decoupled from the wires:
The coupling rate to the wires is proportional to the square of the wave-function modulus at the points of connection to the wires. The decoupled states have nodes at the points of connection to the rings, which make them "dark" states for electrons coming from and going to the wires. Only the coupled states, which have extrema at the points of connection to the rings, are involved in electron conductance from one wire to the other.
Due to the coupling to the leads, the coupled states obtain widths. The energies of the states are also shifted due to the coupling.
A magnetic field removes the degeneracy of levels with opposite angular momenta ±m. A small magnetic field mixes the decoupled states and the continuous density of states of the coupled states. As a result, the decoupled states appear as narrow Fano resonances ͑Fig. 12 for B Ͼ 0͒. As mentioned, the energies of the decoupled and coupled states are different due to the coupling of the latter to the wires.
Then, at larger magnetic fields this picture of the transmission coefficient becomes inconsistent. The transmission coefficient corresponds to equidistant Landau levels. 
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With further increase of the magnetic field we arrive at the first point of the Aharonov-Bohm blocking of the transmission coefficient for the entire range of the electron energy and/or the chemical potential.
Finally, the transmission coefficient is symmetric with respect to the point of the first Aharonov-Bohm blocking, and also periodic with the period twice larger than the first blocking point.
In Fig. 14 , we see again the onset of formation of the band structures from the single-ring conductance in the system of three connected 1D loops.
B. The effect of transverse electrostatic gating
Imagine now that we applied a transverse electric field to a conducting ring. The upper and lower branches of the wave function of a propagating electron through the ring gain different phases. This should lead to an Aharonov-Bohm-type interference in the conductance coefficient due to the transverse electric field alone.
Consider the situation that there is no magnetic field and a transverse electric field E is applied. Semiclassically, an additional phase on the upper branch results:
Here, R is the radius of the ring, is the chemical potential reckoned from the edge of the electron conduction band, and u is the electric field.
A reasonable approximation is to assume that the electric potential of the field is smaller than the chemical potential of the electron. The integration then can be done trivially:
The additional phase on the lower branch is just −⌬. This means that the transmission coefficient should acquire an oscillation factor:
Therefore, the effect of an electric field on the phase can be similar to that of a uniform magnetic field, just like in the Aharonov-Bohm theory. Furthermore, it is quite easy to apply an electric field.
Finally, in the case that both magnetic and electric fields are applied, the oscillating factors from Aharonov-Bohm and the transverse electric field appear together and the total oscillation factor in the transmission coefficient reads
This formula generalizes the Aharonov-Bohm-type coherent blocking effect for the case that both the out-of-plane magnetic and the transverse in-plane electric fields are applied to the conducting ring. Numerical results for the transmission coefficient at fixed chemical potential 1 eV, and for various magnitudes of both fields, are given in Fig. 15 , confirming this formula.
C. Asymmetric coupling to the leads
Another way of controlling the constructive-todestructive interference in the conductance through a ring is by exploiting the geometrical asymmetry in the coupling of the ring to the leads. In reality, the wires coupled to the ring are not exactly symmetric. The lengths of the upper and lower arms of a ring are always different. Furthermore, one can deliberately make them different by asymmetric coupling of the leads to a ring. In such a case the phase difference between the two paths of the propagation is proportional to the difference between the lengths of the upper and lower paths, l u and l l , as well as to the wave vector of the propagating electron, ⌬ = k͑l u − l l ͒. The wave vector of the propagating electron is a function of the gating potential. In Fig. 16 we give the results for the transmission probability as a function of energy.
The transmission is a very pronounced function of the electron energy, just like in the case of a magnetic field. Similarly, we also observe Fano-type resonances due to coupling to dark states. We numerically verified that the gating of the loop leads essentially to a shift in the T͑E͒ vs E curve, i.e., the transmission is almost a function of ͑E − V gating ͒. So the asymmetric coupled ring behaves similar to the case of a ring in a magnetic field, which raises the hope that an asymmetric coupling to the wires might be exploited for prompt switching of a conducting ring.
V. CONCLUSION
In conclusion, we have shown that a collection of several quantum rings will have very interesting quantummechanical properties. The resonances in the rings are easily tunable, so that the current of electrons passing through can be turned on or off readily, especially if electrons in a narrow energy range are used.
There are several effects that will be studied in future works, including the following:
• The 2D simulations can be made more extensive by doing a closed-coupling approach, which is feasible even if the dots are connected in a direction perpendicular to the motion.
• The transverse voltage was applied here linearly. In practice, of course, one has to solve the Poisson equation to determine the precise potential distribution along the bridges and loops. However, as long as there is a potential drop-off along the bridges, we expect the effect of the gating to persist.
• A further goal is the inclusion of self-consistent effects of currents and their induced magnetic fields.
There are many other possible uses of such devices. First and foremost, it is not necessary to attach the electrons to specific leads; it is feasible to inject the electrons to specific rings using STM tips.
In addition, a natural aspect of the rings, especially for larger ring sizes, is to examine how a magnetic field changes the spin motion on the rings. For example, if one places incomplete rings so that the electrons are guaranteed to move in a certain direction ͑clockwise or counterclockwise͒ and dots the rings with metal ions ͑to increase spin-orbit interactions͒, then it is feasible to create spin rings which have different transmission properties for different spins; similar effects are feasible, of course, for regular rings under the presence of magnetic fields, or with the use of spin-orbit interaction, as will be shown in a future work.
Another important property of interference-based ring systems is that since no charging effects are used, the effects of one ring are expected to be isolated from the effects of other ring systems nearby; this will reduce long-range effects that can complicate the use of charging in dots for computations.
